
CAAM 453: Numerical Analysis I

Problem Set 5: Quadrature
Due: Friday, November 3, 2017

Note: Turn in all Matlab code that you have written and turn in all output generated by your
Matlab functions/scripts. Matlab functions/scripts must be commented, output must be
formatted nicely, and plots must be labeled. You may freely use any Matlab functions from
this year’s CAAM 453 website. If you do so, you do not need to include their code in your
writeup if you have not modified them.

Problem 1: Gauss–Lobatto (30 points)
Let [a, b] and a weight w(x) be given. In ordinary Gauss quadrature, all the nodes are in

the interior of the interval [a, b]. If we follow the same idea but require the endpoints a and
b to be nodes (trying to integrate as many polynomials exactly as possible), we get Gauss–
Lobatto quadrature. With Gauss quadrature, we have 2n + 2 degrees of freedom (n + 1 nodes
and n+ 1 weights) so we can integrate all polynomials of degree 2n+ 1 exactly. Requiring nodes
at the endpoints eliminates 2 degrees of freedom, so we expect Gauss–Lobatto can only integrate
polynomials of degree 2n− 1 exactly. The question now is where should these nodes should be.

For Gauss–Lobatto quadrature with weight function w(x), it turns out the n−1 interior nodes
are the roots of the (n−1)st orthogonal polynomial with weight function (x−a)(b−x) ·w(x). The
weights w0, . . . , wn for each node are chosen in the usual way, so that all weighted polynomials
of degree at most n− 2 are integrated exactly: Iba(pw) =

∫ b
a p(x)w(x) dx for all p ∈ Pn−2.

In class, we proved that Gauss quadrature integrates all polynomials of degree at most 2n+1
exactly. By modifying the proof from class, prove that Gauss–Lobatto integrates all polynomials
of degree at most 2n − 1 exactly, where the nodes and weights are chosen as described in the
previous paragraph. You may not look up a proof online or in a textbook.

Hint: replace φn+1 in the proof in class by a product of an orthogonal polynomial and an
appropriate degree-2 polynomial.

Problem 2: Gauss Nodes and Weights (20 points)
In class, we discussed one method for calculating the nodes and weights for Gauss quadrature,

using the Lagrange basis. In this problem, you will implement a better algorithm, due to Golub
and Welsch1.

Here’s how the new algorithm works. Let

αk+1 =
〈xφk, φk〉
〈φk, φk〉

, βk+1 =
〈xφk, φk−1〉
〈φk−1, φk−1〉

.

be the coefficients from the three-term recurrence relation for orthogonal polynomials. Let Mn

1Golub, G. H. and Welsch, J. H., “Calculation of Gauss quadrature rules.” Mathematics of Computation,
23(106), pp. 221–230, 1969.
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be the symmetric tridiagonal matrix
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Let λ0, . . . , λn be the eigenvalues of this matrix, and v0, . . . ,vn be the corresponding eigenvectors.
Then something neat happens: the Gauss nodes xj are exactly the eigenvalues λj , and the
corresponding weights are given by

wj = v2j0µ, µ =

∫ b

a
w(x) dx

(vj0 represents the first entry of the eigenvector vj). This is the Golub–Welsch algorithm.

(a) Using your code from homework 4, #3(a), write a Matlab function that calculates the Gauss
nodes and weights using the Golub–Welsch algorithm.

(b) Apply your code with w(x) = 1, [a, b] = [−1, 1], with n = 6 and n = 50. For n = 6, you
should find the nodes and weights to be (to six digits)

xj wj

−0.949108 0.129485
−0.741531 0.279705
−0.405845 0.381830

0 0.417959
0.405845 0.381830
0.741531 0.279705
0.949108 0.129485

For n = 50, make a scatter plot of the pairs (xj , wj). If all is well, you should see the nodes
concentrated near the endpoints. Note: If n = 50 is very slow, you may use n = 20 instead.
You’re likely to encounter this slowdown if your orthogonal polynomials are implemented
as recursive functions (φn calls φn−1 and φn−2, each of which call two more φ functions,
and so on).

Problem 3: Richardson Extrapolation and Quadrature (10 points)

• Show that applying one step of Richardson extrapolation to the (composite) trapezoid rule
yields the (composite) Simpson’s rule.

• Show that applying one step of Richardson extrapolation to either the left-endpoint or
right-endpoint rule yields the midpoint rule.
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Problem 4: Adaptive Gauss–Kronrod Quadrature (40 points, pledged)
In this problem, you will write a practical adaptive quadrature algorithm based on Gauss–

Kronrod quadrature.
Gauss–Kronrod quadrature is a set of two different quadrature rules, one of lower order (the

Gauss rule) and one of higher order (the Kronrod extension). The Kronrod extension works by
starting with an n+ 1-point Gauss quadrature rule, then adding n+ 2 new nodes and a new set
of weights to compute a more accurate approximation to the integral. For example, starting from
2-point Gauss quadrature on [−1, 1], the Kronrod extensions adds 3 new nodes and a new set of
weights2:

Nodes xj Gauss Weights wj Gauss–Kronrod Weights w∗
j

−0.9258 0.1980
−0.5773 1 0.4909

0 0.6222
0.5773 1 0.4909
0.9258 0.1980

The Kronrod extension provides us with a convenient way of estimating the error in Gauss
quadrature, as mentioned in class. Suppose I1 is the (higher-order) approximation using Kronrod
quadrature, and I2 the (lower-order) Gauss quadrature approximation. Then the true error

I2 −
∫ b
a f(x) dx will be close to I2 − I1 for a sufficiently differentiable function f and sufficiently

small interval width.
Given a function f and interval [a, b], the basic outline of the algorithm is:

function I = integrate(f , a, b)
Compute lower-order (Gauss) approximation I2 =

∑2m
j=0wjf(xj).

Compute higher-order (Kronrod extension) approximation I1 =
∑2m

j=0w
∗
jf(xj).

if error I2 − I1 is sufficiently small then
return I = I1

else
return I = integrate(f , a, (a+ b)/2) + integrate(f , (a+ b)/2, b)

end if

On the CAAM 453 website, you will find GK15.m, which given the interval [a, b] returns the
Gauss nodes and weights for m = 7 and the Kronrod extension. These two quadrature rules are
called the Gauss–Kronrod (7,15) pair; the Gauss rule has 7 points and the Kronrod extension
has 15 points.

One simple method of deciding whether the error is sufficiently small is to check whether

|I1 − I2| < ε1 |I2| (sufficiently small relative error)

or
|I2| < ε2(b− a) (sufficiently small contribution to integral value)

or
|b− a| < ε3 (the interval is sufficiently small)

for small constants ε1, ε2, ε3 (say 10−10). You may use these criteria or devise new criteria of
your choice.

2Computed with KRONROD, https://people.sc.fsu.edu/~jburkardt/f_src/kronrod/kronrod.html
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(a) Based on the pseudocode, write a function that implements adaptive Gauss–Kronrod (7,15)
quadrature. Your function should take a function handle representing the function f to
integrate, the interval [a, b], and return the approximate value of the integral

∫ b
a f(x) dx.

(b) Try out your quadrature function! Apply it to the following functions and check your
function’s result against the exact integral (computed by hand or with one of Matlab’s
built-in functions).

f1(x) = x, [a, b] = [−2, 0] f2(x) = sin(x), [a, b] = [0, π]

f3(x) = e−x2
, [a, b] = [−10, 10] f4(x) = |x| , [a, b] = [−1, 1]

(c) Download Watch.m from the CAAM 453 course webpage. This is a wrapper function that
will let you watch your function’s progress. To use it, call your quadrature function with
Watch(f) instead of f, e.g.:

your Gauss Kronrod(Watch(f), a, b);

It will display a scatter plot displaying the values of x which your quadrature rule is using
to approximate the integral. Each point on the plot represents one function evaluation of f ;
the y-coordinate indicates the depth of recursion (the number of times the starting interval
has been divided). Try out Watch with the following functions:

f3(x) = e−x2
, [a, b] = [−10, 10] f5(x) =

√
x, [a, b] = [0, 10]

plus two functions of your choice.

Include the plots generated. Some parts of each function will likely require more subdivision
than other parts; for each function try to explain why.
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