
CAAM 453: Numerical Analysis I

Problem Set 4: SVD, Continuous LS, Orthogonal Polynomials
Due: October 25th, 2017

Note: Turn in all MATLAB code that you have written and turn in all output generated by
your MATLAB functions/scripts. MATLAB functions/scripts must be commented, output
must be formatted nicely, and plots must be labeled.

Problem 1: SVDs of Projectors (20 points)

(a) Compute the SVD for a Householder reflector H = I − 2vv∗.

(b) Let w1, . . . , wr ∈ Cn be arbitrary orthogonal vectors. The orthogonal projector onto the

complement of the subspace spanned by the wi is P = I −
∑r

i=1
wiw

∗
i

w∗
i wi
∈ Cn×n. Find an

SVD for P , that is, unitary matrices U , V and a diagonal Σ such that P = UΣV ∗.

Problem 2: Convergence of Polynomial Approximations (25 points)
In this problem, you’ll prove that polynomial least-squares approximations to a continuous

function f converge to f as we let the degree k tend to ∞. This is unlike interpolation, where
the interpolating polynomials might get worse and worse as k → ∞! You’ll use Weierstrass’s
approximation theorem:

Theorem. For every f ∈ C([a, b]) and ε > 0, there is a polynomial p such that |f(x)− p(x)| < ε
for all x ∈ [a, b].

Let f be continuous on [a, b], and let pk be the degree-k polynomial minimizing the least-
squares error. Call this minimum error ek:

ek = min
pk∈Pk

√∫ b

a
[pk(x)− f(x)]2 dx.

Show that limk→∞ ek = 0, using Weierstrass’s approximation theorem.

Problem 3: Approximating Functions With Orthogonal Polynomials (55 points,
pledged)

In this problem, you will write a MATLAB program to calculate orthogonal polynomials.
In class, we had the three-term recurrence relation for orthogonal polynomials: if {φk}∞k=0 is

a system of orthogonal polynomials, then

φk+1(x) = [x− αk+1]φk(x)− βk+1φk−1(x),

where

αk+1 =
〈xφk, φk〉
〈φk, φk〉

, βk+1 =
〈xφk, φk−1〉
〈φk−1, φk−1〉

.

Here 〈f, g〉 is any inner product on polynomials; in class, we considered the weighted L2 norms

〈f, g〉 = 〈f, g〉w =
∫ b
a f(x)g(x) · w(x) dx for functions on the interval [a, b]. The first two polyno-

mials (to start off the recurrence) are

φ0(x) = 1, φ1(x) = x− 〈x, 1〉
〈1, 1〉

.
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(a) Write a function that given a positive integer N , the interval [a, b], and a weight function
w(x), computes the coefficients αi, βi for i ≤ N . It should take an arbitrary weight
function w given as a function handle (if function handles are new to you, see http://www.

mathworks.com/help/matlab/matlab_prog/creating-a-function-handle.html). You
can use the integral function to numerically approximate integrals.

Test your function with the following inputs:

– N = 10, [a, b] = [−1, 1], w(x) = 1. You should find that the αi are all zero. Explain
why this is in your writeup.

– N = 10, [a, b] = [−1, 1], w(x) = (1− x2)−1/2. This produces the Chebyshev polynomi-
als.

– N = 10, [a, b] = [0, e], w(x) = exp(−x2).

Include tables of your computed coefficients αi, βi in your writeup.

(b) Write a function that given x ∈ [a, b], k and the coefficients αi, βi for i ≤ k, calculates
φk(x).

(c) Write a function which solves the continuous least-squares problem. It should take as
inputs the degree k of the polynomial, the precomputed weights αi, βi, a function handle f
representing the function to approximate, the weight function w, and the interval [a, b]. It
should return the polynomial as a vector of k+ 1 coefficients with respect to the orthogonal
polynomial basis (not the monomial basis).

(d) Using your code from parts (a–c), calculate the solution of the continuous least-squares
problems for the following choices of f , w, k and [a, b]:

1. f = cos 3x, k = 10, [a, b] = [−2, 2], w(x) = 1.

2. f = cos 3x, k = 10, [a, b] = [−2, 2], w(x) = e−x
2
.

3. f = |x− 1|, k = 12, [a, b] = [0, 2], w(x) = 1.

4. f = ex, k = 8, [a, b] = [−1, 1], w(x) = (1− x2)−1/2.

For each of these, plot f and the calculated polynomial p on the same graph, including a
legend. How does the difference in weights between choices 1 and 2 affect the least-squares
fit polynomial?

(e) For the f , w and [a, b] for choices 1 and 2 of part (d), find the approximate L∞ error for
values of k ranging at least from 1 to 20. Make a semi-log plot of the error versus k.
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