Chapter 1
Oscillatory integrals

1.1 Fourier transformon S

The Fourier transform is a fundamental tool in microlocal analysis and its application to the
theory of PDEs and inverse problems. In this first section we review the basic properties
of the Fourier transform acting on the Schwartz space. The space of Schwartz functions on
R™, for which we use the notation S(R™), is defined to be those u € C'*°(R™) for which

lullg.o = sup 270 u(x)|
z€ER™

is finite for all 5 and @ € N™. In fact for every «, || - ||3,o provides a semi-norm on &
and once equipped with this collection of semi-norms S becomes a Frechet space (see for
example Folland’s Real Analysis).

For u € S(R™) the Fourier Transform of u is defined as!

]:(u)(g):/ e 8y (z) da.

n

Differentiating under the integral sign we easily see that

(1.1) i (F(u))(&) = F(—ialu)(€).

Similarly, we may integrate by parts to show

(1.2) F(Du)(&) = i&? F(u)(£).

In view of (1.1) and (1.2) we adopt the usual notation D,; = —id,; for convenience, and
we will sometimes write
= F(u).

IReaders should be warned that there is no general agreement on precisely how the Fourier transform should
defined. For some authors there is no negative sign in front of the 7, and factors of 27 sometimes appear in various
places.
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Using (1.1) and (1.2) we can establish the following.
Lemma 1.1. 7 : S(R™) — S(R"™) continuously.
Proof. For u € S(R™) we have for any multi-indices
]l g.0 = sup £ Dg ()|
= sup IFIDZ((=2)*w)](©)

dx
(L4 |z)mt?

< (sup (Lt )™ D2 (—) ] ()] ) / H

re (1+[z])mt?
<C > lullgr,ar-
18 |<|a+n+1], o’ <B

[ el D o))

= sup
3

with the constant C' only depending on the dimension n. This completes the proof. [
We will now calculate the Fourier Transform of a Gaussian.

Theorem 1.2.

—1¢)2

—tlal?y(g) = /28 T
(13) Flem ) =" =

Vit>0.

Proof. The first step is to establish the identity in the special case when ¢ = 1/2 and the
2

dimensionis n = 1. Setw = e ™2 and first note that
(1.4) Oy (u) + 2u = 0.
On the other hand, using (1.1), (1.2), and (1.4) we see that
(L.5) O¢(F(u) + EF(u) = 0.

By the uniqueness of solutions to ODEs, this implies that F(u)(§) = Cu(§) for some
constant C'. Using the identity

F(u)(0) = /Re; dz = Vor

we see that C' = /27.
Now, for the general n = 1 case we make the change of variables =’ = /2t to obtain

(m/)2

. 2 . 2 1 2
—ix€ —tx d :/ —ixf /2t do = Fle— 2 /2 /2t )
/]Re ¢ v R ‘ \/ﬂ v \/ﬂ (e )<§/ )
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Using the previous calculation now proves the result in the case n = 1. By Fubini’s theorem
we may reduce the n dimensional case to the one dimensional case and thus the result is
proven. [

We now introduce the inverse Fourier Transform. For v € S(R™) we have

The next task is to prove that indeed this operator, F~! : S(R") — S(R"), warrants the
title inverse Fourier Transform.

Theorem 1.3 (Fourier Inversion Theorem). We have

FF'=F'F=1I

Proof. Take any u € S(R™). Then

FF) = g [ ([ tuto) ar) ag
= % lim [ e &l (/e—“fu(m) dx) ¢

(27T) e—0t
1 o
_lz—y)?
1y (1) da
= gz S, [ @)

1 . _l=?
= e 1, [ vl VR de
= u(y).
Therefore F 1 F = Id, and FF~! = Id follows almost immediately. 0O
We will sometimes use the notation

= F 1 (u).

The next theorem shows that it might have been smarter to include a factor of (27)~"/2 in
the definition of F since then F would be a unitary operator on L?(R™).

Theorem 1.4. For u, v € S(R™)

/ﬁﬁdx:@ﬂ)"/ uddz.
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Proof.
/n a(z) o(x)de = /R /R e~y (&) v(x) dé dx
:/Rn/nu(g)mdfdx.
— 0" [ u©(e)de.
o

Now let (-, -) 2(rn) denote the L? inner product. Combining Theorems 1.3 and 1.4
we can immediately obtain the following facts for v and v € S(R™). The first is just a
restatement of Theorem 1.4.

(16) <ﬂ,v>L2(Rn) = (27T)"<u,1§>L2(Rn).
(17) (27T)n<’u,,’U>L2(Rn,) = <ﬁ,ﬁ>L2(Rn).
(18) (QW)H“UHLz(Rn) = H’&HLZ(R")'

The last of these shows, since S(R™) is dense in L?(R™), that F and F ! can be extended
to continuous linear operators on L?(R™).
Finally we consider how the Fourier transform behaves with respect to the L' norm.

Lemma 1.5. We have the following estimates valid for u € S(R™)
@] Lo mry < llullLr@n),

[l oo (rmy < (2) 7" (|| L1 (m)s

u »y < C ma o ny.
||UHL1(R ) S |ar\%n}i1 | zu”Ll(R )

The constant C' only depends on the dimension n.

Proof. The first and second estimates are immediate from the definition of the Fourier
transform, and the Fourier inversion formula. For the last one we have

d
il = [ 16D a0 e
< Comp(1-+ €] fa(e)
<C e 1€%A(E) | Low (rm)

<C FIDg > (R"
< \a?;i’ilu [DZu] (&)l Loe (rm)

<C ma oS n
> \a|§n}—(i-1H z ”Ll(]R)
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1.2 Extension of Fourier transform to S’

Now we will show how to extend the Fourier transform to spaces of distributions. In
particular we can extend to the so-called tempered distributions S’ (R™) which are the space
of continuous linear functionals on the Frechet space S(R™) defined above. A linear map
f:S(R) — Cisin S’'(R™) if and only if there exists an M € N, and constant C' > 0 such
that for all u € S(R™)

fwl<c Y ullga

[BISM,|a|<M

If {f;} C S'(R™) is a sequence, then we say that f; converges to f in S’(R™) if f;(u) —
f(u) forall u € S(R™).
We can now define the Fourier transform on &’(R™) by duality. Indeed, for f €
S'(R™) we define F(f) by
F()w) = FFwW).

Since the Fourier transform is continuous on S(R™), F(f) € S'(R™). The inverse Fourier
transform is defined in the similar way for f € S’(R™) by

and it is easy to see that " is still the inverse of F. Also, it follows immediately that F
and F~! are sequentially continuous on S’(R") in the sense that if f; — f in &’(R™) then

F(f;) = F(f) and F7H(f;) = FH(f).

As we will see in Lemma 1.6 at the end of this section we can in some cases use this fact to
compute Fourier transforms by explicitly finding a sequence that converges in S’ to f and
whose Fourier transforms are known.

If f is any function such that (1 + |z|)" f(z) is bounded for some N € N, then f
defines an element 7y € S’(R"™) by

Ty(w) = | fa)u(r)da.

In this case we will always identify f with T without comment. With this identification, and
the fact that 7 (T )(u) = T'r(s)(u), which can be proven by an argument almost identical
to the proof of theorem 1.4, we see that this definition of F extends the definition on S(R™).

To finish the section we calculate a nontrivial Fourier transform for a tempered dis-
tribution which will be very useful later.

Lemma 1.6. Let A € M,,(R™) be symmetric and non-degenerate (i.e. |A| := det(A) # 0)
with signature sgn(A). Then

efivgt(A_l)E
VIA|

Note ¢ A2) is bounded and so defines a tempered distribution.

f(ei(xtAw)) — 7TTL/2eSgn(A) %
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Proof. This proof essentially follows from the analytic continuation of (1.3). Indeed, note
that both sides of (1.3) define an analytic function on the domain {Re(¢) > 0}, and so by
the uniqueness of analytic continuation the equality can be extended from the positive real
line to the entire right half of the complex plane. Applying this fact in the case n = 1 we
have the formula )

e ﬁ

/ e (emina® omink 4y — /7
R (E — 'L'f')
forany e > Oandr € R. Note that there is no problem extending the square root analytically
in the right half plane.
Now observe that
lim ei(ztAa:)fe\zF — ei(z”Am)
e—0t

in §’(R™), and so by the continuity of 7 on &’(R™) we have that

]_-(ei(xtAac)) — lim ei(mtAx—m~§)—e|x|2dx.

e—0t Jpn

Since A is symmetric it is diagonalizable over R, and since it is non-degenerate none of the
eigenvalues are zero. Suppose the eigenvalues are {r;}""_;. Then if we change variables
by  +— Oz for an appropriate O € O(R"™), we obtain from the last formula

S~ €—1ir; 29)?
F(e49) = lim L) o,

e—0t R

li —(e—iry)z® —i(z (071€);) q
g I Lo ‘

(07 te?
T ale—iry)

= lim =

" H )
e—0t 6 — Z’I"]

1.3 Oscillatory integrals and their regularization

Oscillatory integral are a class of distributions that are defined in particular way by formal
integrals that appear to be divergent. An instructive example is

1 i&-x
(1.9) R / e,
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How are we to make sense of this integral? Let us attempt to interpret it as a distribution,
and test it against a Schwartz function . Doing this we obtain, using the Fourier inversion
theorem,

G [ e ute) dwae = s [ a6 = u0o)

Thus we see that (1.9) is in fact equal to the delta distribution §. Indeed, in the language of
oscillatory integrals, the Fourier inversion theorem may be written simply as
1

e rde = §(x).
oy | <7 =500

Another way to interpret (1.9) is by taking a limit in the sense of distributions. This idea
leads to, using Theorem 1.2

1 . 1 } 2
L&Ld = li iz-§ ,—el¢] d
2m)" / errde= ooy / e ¢
:(:2
(1.10) — lim — 1 -l

e—0+ 27 (me)n/2 ¢

= 4(x)

This last method generalizes quite a bit and we will now continue to show how we may use
it to interpret formal expressions similar to (1.9) as distributions.

Let X be an open subset of R™, and ¢ and a € C°°(X x R"). Formally an oscillatory
integral is defined in the following way

(1.11) A= @ gz, €) de.
RN

If |a(x, &)| < (14 |€])* for p < —n, then in fact the integral converges absolutely. In this
case A is a continuous function on X and therefore corresponds to an element of D’ (X).
Further hypotheses on a and ¢ can guarantee that A is in C*(X), or in fact C*°(X), but
we will not formulate these. Instead in the next section we describe standard assumptions
on a and ¢ that allow us to interpret A as a distribution on X.

1.3.1 Phase functions, symbols, and conic sets

We will generally refer to the function a in (1.11) as the symbol and the function ¢ as the
phase function of the oscillatory integral a. For a we introduce the following symbol spaces.

Definition 1.7. Let 1, p and 5 € R. Then the space S} 5(X x RYN) is the set of those

a € C®(X x RY) such that for any compact set K € X and multi-indices  and 3 there
exists a constant C'i o g such that for all x € K

(1.12) 0207 a(x, €)] < Cic.ap(1 + gy IAlPFIl,

The optimal values of the constants Ck o g provide a set of semi-norms on Sg}(;(X x RY)
which turn S 5(X % RY) into a Frechet space.
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We also write
STOX xRY) =[] 84 5(X xRY)
neER

(note that this intersection is the same for any p and §) and

SS(X xRY) = | k(X xRY).
nER

There are a few straightforward results concerning the symbol spaces that ought to be
mentioned.

Lemma 1.8. Properties of symbols

1 Ifa € S} 5(X x RY) and b € S“ s(X xRN, then ab € S“Jr“ (X x RN). Further-
more, the blllnear map (a,b) — ab is continuous in both tts entries.

2. Ifa € St 5(X xRN) then 8?85a € Sﬁﬁglﬂlpﬂalé(XxRN) and the map a — 8;?‘8?&
is continuous between these spaces.

We leave the proof of this lemma as an exercise.

Example 1.9 (Examples of symbols) Suppose that ¢ € C°(RY) and v € C>(X). Of
course then ¢ (2)¢(§) € S, 5°(X x RY) for any p and 6. If ¢ is equal to one on a

neighborhood of the origin and a € C*°(RY \ {0}) is positive homogeneous of order ;1
(i.e. forany A > 0 and £ # 0, a(AE) = A\ a(§)), then

Y(x) (1~ (€))a(€) € Sf'o(X x RY)

and
Y(x)(1 - $(€))a(€)e I’ € 51, (X x RV).
|

In some cases it is necessary to consider functions that only satisfy the requirements in
definition 1.7 on a set of the form X x {¢ € RY : |¢| > R} for some R € R. We say that
such functions are symbols for R sufficiently large.

The following definition gives the assumptions we will make on ¢.

Definition 1.10. A real-valued phase function on X xRY is a real-valued function ¢(x, €) €
C>®(X x (RN \ {0}) that is positive homogeneous of degree 1 in &, and has no critical
points.

As we will see in the next section when a € S/ ;(X x RY) for some p > 0 and § < 1
and ¢ is a real-valued phased function on X x R¥ then (1.11) defines a distribution. It is
worthwhile to comment that more general or just different hypothesis on a and ¢ may also
work, but the definitions given here cover all applications in which we are interested.



1.3. Oscillatory integrals and their regularization 9

1.3.2 Regularization

With these definitions we now have the following theorem which shows how the right hand
side of (1.11) may be interpreted as a distribution. Equation (1.13) is the true definition
of an oscillatory integral, and should be compared with (1.10) where x(£) = e~ ¢ * which
does not quite fit the hypotheses of the theorem but nonetheless works the same way in the
case of (1.10).

Theorem 1.11. Suppose that ¢ is a real-valued phase function on X x RN and a €
SP5(X x RY) for some p > 0, and 6 < 1. Also let x € S(RY) have x = 1 on a
nelghborhood of the origin, and v € C§°(X). Then the limit

(1.13) Apa(u) = lim e 2@z, €)x(e€)u(x) d dé

e—0T Jx «RrRN
exists and is independent from x. For any integer k > (1 + n)/min(1 — §, p) the map
u — Ay o(u) defines a distribution on X of order k. Further, the map a — Ag o(u) is
continuous on the Frechet space S” 5(X x RM),

Proof. Choose a cutoff function 1) € C°(RY) with supp(¢)) C Bo(0) and 1/(£) = 1 on
B1(0) and consider the differential operator
(1.14)

(1 - 6(9)
L= Oi ¢ Oyi Ogi @ O¢j
YOt (om0 T EP0cd @ P Z 21 8ui + [EI° Z ¢ O

Then we have Le??(*:€) = ¢i¢(#:£) and by the hypotheses on ¢
z,6)+ Y Bj(z,9) mﬁZc €)0es
J
where A and each B; isin S; ;(X x RY), and the C; are in S ;(X x RY). Therefore
(LY*a(z, &)u(z) € 87 ™70 (X x RY).
Now we claim that

(LY*a(@, )x(e€)ulz) = x(e€)(L")*a +Z€ Dj(x, &, €)

where each D; is a sum of terms each having the form d(e) f(x,&) with each d €
C2°(RY) having supp(d) C B2(0) \ B1(0), and e € S“ (k=) min(1=0.p) (X x RY) with
supp(f(+,€)) C supp(u) for every £. This claim may be estabhshed by induction. Indeed,
suppose the claim is true for some k. Then

(LY a(e, )x(e€)ulz) = x(e€) (L") a(z, E)u(z)
+e((Lt)k (, ZC’; x,8)0q x(€€) +Z€JLt (x,&,€).
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The first sum in the previous formula consists of terms in the correct form for D;. On the
the other hand, LtDj is a sum of terms of the form

d(e€) L' f(w,€) + ef(,€) Y Cilw,)derd(e€)
l

which will produce terms in the correct form for D; and D, . This proves the claim.
Now choose an integer k£ > (1 + N)/min(1 — §, p). Then we have

lim e 2@z, €)x(e€)u(x) d dé
€20 Jx xRN
—tim [ PO (L a(r, €)x(e€)u(z) du dE
€20 /X xRN
k
= liH(l) PR (X(ef)(l)t)ka(aj, u(x) + Z e Dj(z,¢&, 6)>dx d
0 J X xRN =1

Since (LY)*a(x, &) u(x) € Spjévfo‘(X x RY) for some small o > 0, by the dominated
convergence theorem

lim e Y@y (e€) (LY *a(x, &) u(x)de dé = e @O (LHY*a(x, €)u(x) dz dE.
=0 J X xRN X xRN

For each of the terms d(e€) f(x, &) making up D; we have

e sup | f(z, &)l
zesupp(u), 1/e<[€[<2/e

¢ / e P @O d(e) f(x,€) da de
X xRN

< o ti(1-min(1-4,p))

~

for some small & > 0. Therefore the limit does indeed exists as claimed in the theorem and
(1.15) A= / e @O (LY, (x, € )u(x) da dE.
X xRN

Thus | A| can be estimated by the derivatives of « up to order k and some finite number of
the S;i 5(X x RY) semi-norms of a, which completes the proof.

For the record, we now state the definition of an oscillatory integral.

Definition 1.12. An oscillatory integral is a distribution on an open set X C R" defined
by a real-valued phase function ¢ on X and a symbol a € S7%(X x RN\ {0}) for some
p>0and o < 1asin (1.13). We will often write oscillatory integrals in the formal form
(1.11).

It is worth noting that for any oscillatory integral the proof of the previous theorem shows
(A, u) canbe given by a formula of the form (1.15) in which the integral converges absolutely.
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Such a formula is called a regularization of the oscillatory integral A. For a given oscillatory
integral there are many possible regularizations depending on all of the various choices made
in the proof of Theorem 1.11 but they all give the same result.

We may slightly generalize Theorem 1.11 to apply for symbols a that are not strictly
in S 57 5(X x R?) with only a small change in the proof. Indeed, a may have integrable
singularities as a function of ¢ contained in a compact subset of RY and the only change
required in the proof is that the cutoff function v should be equal to 1 on the set where the
singularities lie (rather than just on B1(0)). In this case the hypotheses change to ask that
a(x, &) must satisfy the requirements of definition 1.12 for |¢| sufficiently large.

We may also find formulas for the derivatives of oscillatory integrals. Indeed, since
differentiation is continuous on the space of distributions we conclude that

(OpAu) = lim [ x(e€)e' ") (i 0:0(x,€) a(a,€) + Opa(z, €)) u(z) du €
€E— RN

for any function y as in the theorem. Note that the symbol in this integral is not differentiable
at @ = 0 (¢ is not assumed to be differentiable at £ = 0), but still satisfies the requirements
of definition 1.12 for || > 1 with y incremented by 1. Higher derivatives may be computed
in the same way. Further, if ¢ and a depend on a parameter, then the distribution A also
depends on the parameter with the same level of regularity as ¢ and a, and we may always
differentiate “under the integral sign" in oscillatory integrals.

1.4 Exercises

1. The space &' (R™) of compactly supported distributions is contained in S’ (R™). Show
that if u € &'(R™) then Flu] € C°°(R™) is given by

Flul(€) = (u,e™*).
Furthermore, prove that there exists a integer /N and constant C' such that

[Flul(€)] < O+ [eh™.

2. Letsgn(z) € S'(R) be the sign function

1 ifz>0
(@) =1 1 ifg <o,

Flsgn] = —2i (p.vé)

where p.v% € S’'(R) is the principal value distribution defined by

1 . ¢(§)
R =1 —=2~ d¢.
<pv §,<p> 50+ /R\(e,e) 3 <

(Hint: lim,_,o+ sgn(x)e1*l = sgn(z) where the limit is in the sense of distribu-
tions.)

Show that
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3. Let H(x) be the Heaviside function

1 ifx>0
H(I){ 0 ifa<0.

Show that

FIH] = —i <p.vé> 476,

4. Suppose that f € C*°(S™~!) and k is an integer such that —n < k < 0 and
flw) = ()M (~w).

Then

o) =1 (%) bt € Lho()

defines a tempered distribution. In this exercise we will calculate F|g] in several
steps.

(a) Show that

llm*/ / 71rw£ —elr \f( )kJrn 1d7"dH§n 1( )
Sn— 1
(b) Using the previous part show that

(Flgl, o) = 41D (w - €), f(w)(€))-

(c) Finally show

T —n—k n+k—1
Flal§) = E_ﬁ /{w-g—o} <§| : Vw) f(w) dH g0y (w).

5. Prove lemma 1.8.



